We investigate the effect of amplitude and phase noise on the dynamics of a discrete-time quantum walk and its related evolution. Our findings underline the robustness of the motion with respect to these noise sources, and can explain the stability of quantum walks that has recently been observed experimentally. This opens the road to measure topological properties of an atom-optics double kicked rotor with an additional internal spin degree of freedom.
Introduction
Following its theoretical proposal in 1992 [1] , the atom-optics kicked rotor (AOKR) has proven to be a reliable and useful work horse for studying the dynamical evolution of driven low-dimensional dynamical quantum systems [2] [3] [4] for more than twenty years.
Its success has translated into many different fields of research, from Anderson and dynamical localisation [3, [5] [6] [7] [8] to ballistic quantum resonant motion [9] [10] [11] . Many AOKR experiments tested the effect of artificial or natural noise and decoherence [4, 5, [12] [13] [14] [15] , and the stability with respect to parameter changes [16] [17] [18] . Currently, platforms based on Bose-Einstein condensates offer unprecedented control over the initial conditions in phase space [19] [20] [21] , which are used to produce directed motion [21] [22] [23] [24] [25] [26] and to study dynamical tunnelling [27, 28] , for instance.
This exceptional control and dynamical stability has recently led to the realisation of discrete-time quantum walks [29] . Moreover, there are numerous proposals to investigate the effects of topological invariants based on extended versions of an AOKR [30] [31] [32] [33] [34] [35] . The latter two applications make it necessary to control not only the momentum of the atomic centre of mass degree of freedom, but to include additional degrees of freedom, typically two internal electronic states [36] [37] [38] which become entangled with momentum during the temporal evolution. Hence, it is expected that topological properties built on such an effective spin-orbit coupling [39] can be tested with such platforms.
In this paper, we test the stability of the spinor AOKR with respect to noise sources, as it realises (i) the discrete-time quantum walk and (ii) a double kicked rotor system for studying topological phases. We essentially investigate amplitude and phase fluctuations of the standing wave kicking the atoms. Both effects are present in state-of-the-art experiments, and possibly lead to a degradation of the experimental signal. While the original quantum resonant motion proved to be rather robust with respect to amplitude noise [4, 40] , phase noise is a more serious problem since it destroys the resonant condition on which this regime is based. Phase shifts map via a gauge transform into shifts of the atoms' quasimomenta. Since a Bose condensate cannot be cooled to zero temperature, a residual finite distribution of quasimomenta is present in all experiments, in the best case of a width down to ∼ 1% of the Brillouin zone [20, 29] . Therefore, the stability of an actual experiment with respect to lattice phase shifts, either random or effectively induced by the finite quasimomentum distribution, is very relevant to predict the parameter windows within which the proposals of quantum walks and topological phases can be observed.
The paper is organised as follows: Section 2 is devoted to testing the robustness of a discrete-time quantum walk realised by an AOKR with an additional spin degree of freedom. Amplitude and phase noise are studied for perfect quantum resonant conditions. Section 3 tests whether the proposal by Zhou and Gong from Ref. [35] survives realistic amplitude fluctuations and quasimomentum distributions. Our predictions underline the stability of the AOKR motion with respect to weak noise as well as the cross-over to the classical regime of stronger noise where quantum interference is dynamically degraded.
Discrete-Time Quantum Walk in Momentum Space

Quantum Walk Evolution
The AOKR is defined by the following dimensionless Hamiltonian:
where p is the momentum, x the position, k the kick strength and τ the period of the kicks. This Hamiltonian is spatially periodic, and therefore only couples momentum states that differ by a multiple of unity (or in experimental units of two photon recoils). Due to Bloch's theorem, we can then separate the momentum into an integer part n and a conserved non-integer part β called quasimomentum
The one-cycle Floquet operator [4] which describes the evolution is given bŷ
dθ is the (angular) momentum operator with periodic boundary conditions and θ = x mod(2π). It is composed of a kick part (4) and a free evolution partF
The kick period τ and the quasimomentum β can be chosen in such a way that the free evolution part is equal to unity-a regime which defines the principal quantum resonances [4, 41] . At these quantum resonances, the momentum distribution normally evolves symmetrically around its initial integer momentum and displays ballistic expansion characterised by a standard deviation which is proportional to the number of kicks (i.e., to time). One can break this symmetry by using a ratchet effect, whereby the initial state breaks the time-reversal symmetry and where the motional direction depends on the sign of the kick strength-see Refs. [4, 22, 23] for the original idea and our proposal of momentum-state quantum walks [29, 38] for details. By tuning the standing-wave laser between two ground-state internal levels of the atoms such that one is negatively and one positively detuned, we can achieve different signs in k, as first proposed in [38] . Then, the single-state kick operator in (4) effectively becomesK
Before each of these kicks, we mix both internal levels |↓ and |↑ by applying a 50:50 beam splitter matrix, realising the coin toss of the discrete-time quantum walk:
This can be generalised to an arbitrary spin rotation given by the two-parameter unitary matrix
which will become useful later on in Section 3.1. After the application of a sequence ofM coinKshift to appropriately chosen initial states in both degrees of freedom [29, 38] , the total momentum distribution is computed from the sum of the momentum distributions of both ground-state contributions P(n; T) = P 1 (n; T) + P 2 (n; T) .
P(n; T) is the main observable in the experiment based on a kicked Bose-Einstein condensate [29] .
In most of what will be considered here, we assume perfect quantum resonance conditions (e.g., τ = 4π and β = 0 in Equation (5)). However, Section 3.1 also addresses the degradation of the ideal quantum-walk evolution induced by a finite distribution of quasimomenta around the resonant value. The latter is the experimental situation in which the Bose condensate cannot be prepared exactly at zero temperature, but will always have a finite width of a few percent in the Brillouin zone (which has a size of exactly 1 in our units). The phase fluctuations of the periodic potential considered in the next Section 2.2 have the same effect as changing quasimomentum. Hence, the following results are valuable for realistic predictions of the experiment.
Lattice Vibrations
During the experiment the standing-wave laser may contain intensity and phase fluctuations. Moreover, each atom experiences a different kick strength k j depending on its exact spatial position with respect to the beam waist. Therefore, in order to model the experimental fluctuations, we now consider an AOKR system in which the optical lattice kicking the atoms is subject to random changes of its intensity and phase. This changes the typical AOKR Hamiltonian of Equation (1) tô
where k j and φ j are random variables. It is straightforward to see that these two variables directly affect the step operator of the quantum walk such that
For an AOKR with two internal degrees of freedom, the kicking potential induces a relative light shift, acting as an additional dynamical phase, which must be compensated in order to implement the ideal evolution described by the Hamiltonian (1) [42] . The compensation is done by the coin matrix rotating the internal degree of freedom-see [29, 42] for details. The fluctuations in k j imply that the light-shift phase differs from kick to kick. At the jth step of the walk, it will be
Below, we compare results from this optimal compensation and results from the standard compensation of 2k ≡ 2k 0 [42] . The latter means that the two levels experience an effective light-shift phase equal to the difference of the ideal and the fluctuating kick strength:
If we integrate this latter phase into the coin (7), we can simulate the non-perfect phase compensation in the presence of amplitude noise by the following coin matrix:
Since random fluctuations are in principle unknown, they cannot be compensated in a real experiment. Hence, a non-optimal compensation with just a phase 2k 0 without the fluctuating part is much more realistic than (12) , and the difference between the two is given by (13).
Numerical Simulations: Quantum-to-Classical Transitions
The simulations for the lattice vibrations were based on the quantum Floquet map of the kicked-rotor evolution [43] , where the free evolution and the kick factorise in the Raman-Nath approximation because the kick is δ-like in time. Free evolution and kick were evaluated in position and momentum space, respectively. We switched back and forth between these two with a standard optimised fast Fourier transform [44] . We averaged the final momentum distribution over 10 4 realisations of the noisy trajectories, corresponding to an average over a similar number of single atoms in the Bose-Einstein condensate [29] .
For each walk step j of each realisation, the kick strength from the previous kick was shifted by an amount δk j randomly drawn from a Gaussian with FWHM ∆ k so that k j = k j−1 + δk j and, starting with k 0 = 1.45, a value used in the experiment [29] . Simultaneously, the kick potential was shifted by a phase φ j randomly drawn from a uniform distribution within the interval ∆ φ × [−π; π]. A similar procedure was used in [45] to model the AOKR dynamics without the extra internal degree of freedom.
As with all quantum walks, we expected to see a transition from the quantum regime, dominated by interference effects, to a classical regime characterised by a unimodal classical probability distribution (e.g., a Gaussian or other stable distributions as in [45] ) as we introduced decoherence. The transition happened with a constant amount of noise gradually over time, or at constant time for an increasing amount of noise.
For small lattice variations of up to ca. ∆ k = 0.1k 0 or ∆ φ = 0.06, the quantum walk remained quite stable, see Figure 1 . There we also see that the broader the distributions of k j and φ j the more the walk lost its "quantum" nature and reverted to a classical random walk. For fairly large values of noise, around ∆ k = 0.5k 0 or ∆ φ = 0.3, and for the chosen number of walk steps T = 15, we reached the classical limit (being similar to a Gaussian). This transition happened faster if both noise sources were present simultaneously, as can be seen in Figure 1c,d . Figure 1 . Momentum distributions of quantum walks with kick strength k ≡ k 0 = 1.45 after a series of T = 15 steps for different noise strengths ∆ k as given in the corresponding legends. Amplitude noise only: (a,b). Amplitude and phase noise: (c,d), with equal noise strength ∆ φ = ∆ k . Only phase noise in (e) with values of ∆ φ as given in the legend. The light-shift phase was compensated perfectly in (a,c) and only according to Equation (13) in (b,d) . In (e), the compensation was assumed to be perfect since k was constant.
The two different ways of compensating the effective light shift phase described in Section 2.2 led to visible differences in the momentum distribution. If the compensation is not perfect, one expects an asymmetric evolution of the quantum walk. This can be used experimentally to calibrate the compensation [29] . Note the difference between the cases of amplitude noise in Figure 1a with perfect compensation and Figure 1b with imperfect compensation. However, once phase noise was added there was little difference between cases with (Figure 1c ) and without perfect compensation (Figure 1d ), as the phase noise tended to have a dominating effect. Hence, adding a small amount of phase noise can help to compensate for the dynamical phase induced by the random light shift (13) . This might turn out to be useful for future experiments.
The way the two different noises in amplitude and phase dynamically altered the momentum distributions was slightly different. In Figure 1a we see that amplitude fluctuations led at first, for lower ∆ k , to a decline in the centre of the distribution. The walk continued to spread in a ballistic manner and the bimodal character of the distribution remained conserved for quite a while until the distribution transformed into a function with broad power-law-like tails. The phase fluctuations (see Figure 1e ), on the other hand, led to quantum walks which quickly coalesced towards the momentum origin. The distribution in the limit of large ∆ φ in that case was Gaussian. A good overview of this dynamical behaviour is provided in Figure 2 . Here one can also see that a similar difference between the two noise sources in the quantum-to-classical transition was observed in the time domain. 
Double Kicked Rotor Evolution
This section deals with an extension of the AOKR to a double sequence of kicks. The double kicked rotor (DKR) is also a periodic system, only with a mapping period of two kicks. A DKR with an additional spin-1/2 degree of freedom allows topological phases with arbitrarily large winding numbers to appear, as was realised and described by Zhou and Gong in Ref. [35] . The experimental realisation of such a system would open the door to experimental explorations of the rich field of topological phases in periodically driven Floquet systems [30, 31, 34, [46] [47] [48] .
In the following, we rely on the presentation given in [35] , only briefly reviewing its results here. Our main concern was to test the robustness of the predicted observable in [35] with respect to typical experimental issues, such as a finite distribution of quasimomenta (making the motion deviate from exact quantum resonance conditions) and amplitude noise in the two kicking lattices of the DKR.
Proposal
The DKR with internal spin degree of freedom is governed by the following Hamiltonian [35] H DK =p
where we include both degrees of freedom for brevity. The atoms' center-of-mass degree of freedom is characterized by the operatorsp andθ. The internal degree of freedom is represented by the identity operator during the free evolution part and the spin rotationsŜ i in the two kicks (with i = x, y, z in the internal spin-1/2 degree of freedom).
Here we treat the quantum resonant case (β = 0 at τ = 4π) exclusively, meaning that the free evolution terms, Equation (5), are equal to unity. In its two chiral symmetric time frames, this gapped Hamiltonian [35] is characterised by its topological invariant, the winding number [35] . To experimentally measure this invariant, Ref. [35] suggests computing the mean chiral displacement (MCD):
This observable is reminiscent of the fidelity signal measured, for instance, in Refs. [16] [17] [18] , and of the time-reversed quantum walk recently realised [29] . The only difference is the additional −σ z operator in Equation (16) , which simply implies that in order to calculate the MCD we subtract the momentum probability distribution for |↑ from the one for |↓ . Here the index l denotes the choice of one out of two chiral symmetric Floquet operatorŝ
As discussed in Ref. [35] , the average MCD converges towards the winding number
This holds because with growing t the integrand in the second term in the middle of Equation (19) will oscillate faster and faster. Consequently, we will be integrating over full periods and the integral will vanish. We verified numerically that the convergence starts to become very good for about t = 10 steps. However, already by t = 5 steps there may be sufficient convergence to see the signal.
To experimentally realise the chiral symmetric Floquet operators with the setup reported in Ref. [29] , a decomposition containing only σ z rotations is needed, and already given in Ref. [35] . Such a decomposition of the Floquet operators (17) and (18) can be achieved at the additional cost of more rotations applied to the internal state, see Equation (8):
The operatorÛ 2 can be rewritten in an analogous manner. Through the application of rotations in spin-space, as defined byM(α, χ), we can transform the kick operatorsT 1 andT 2 . This allows us to realise the kicks dependent on σ x and σ y , by using only kicks dependent on σ z , as present in the original problem (see Equation (6) in Section 2.1).
Stability with Respect to Noise
In this section, we check the convergence of the MCD (19) by numerically simulating the DKR for
2 . For every choice of k 2 , we compute the average MCD and compare it to the step-like structure of half the corresponding winding number (see Equation (19) ).
In Figure 3 , we examine how perturbations due to experimental imperfections affect the convergence of the average MCD. Since the atoms in the Bose-Einstein condensate exhibit an approximate Gaussian distribution around the resonant quasimomentum β = 0 [4, 18, 28, 29] , we draw a random β from this distribution for every numerical realisation (applies to Figure 3b-d) . Moreover, we also consider kick-to-kick amplitude fluctuations in the kicking potential. Before applying a kick in the numerical simulation, we draw a random kicking strength k 1 or k 2 from the corresponding Gaussian distribution and apply the non-perfect light-shift phase discussed previously in Equation (13) .
As in Section 2.2, the dominant perturbative effect is now the quasimomentum distribution seen in Figure 3b , since it affects the central resonance condition of the DKR. The kick-to-kick amplitude fluctuations play a subordinate role. It even seems that the light-shift phase partially compensated for the perturbative effect of the quasimomentum distribution. This phenomenon can be seen in Figure 3d for C 1 ; it was similar to what was observed in Figure 1d , where the phase shift and the non-perfect light shift tended to compensate for the pertubative effect as well. On the other hand, the convergence of C 2 was already substantially degraded for the large perturbations depicted in Figure 3d . Figure 3 . Behaviour of the averaged (over 20 steps) mean chiral displacement C 1 (t) for the time evolution underÛ 1 (in blue) and C 2 (t) for the time evolution underÛ 2 (in red). To check the convergence of C 1 (t) towards 
Conclusions
We checked the stability of two versions of the AOKR: (i) for a recently realised quantum walk and (ii) for a recent proposal to observe topological phases. Both systems were robust with respect to realistic fluctuations in either amplitude or phase of the kicking lattice. Since the lattice phase corresponds to a shift in the atoms' quasimomentum, the robustness extends to typical initial distributions of quasimomenta present in an AOKR implementation with a Bose-Einstein condensate. Our results explain the good experimental signal of the quantum walks observed in [29] , but also give limits for the crossover to the classical regime of such walks. Moreover, the topological properties of a double kicked spinor system as predicted in Ref. [35] turn out to be very stable as well. This should allow for testing of those properties in ongoing experiments.
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